A subcontinuum A of a continuum X is a W-set if for each mapping /: Y -» X of an arbitrary continuum Y onto X there is a continuum in Y which is mapped by / onto A. We characterize W-sets in terms of accessibility by small continua. We localize several known results on continua all of whose subcontinua are W-sets. Finally, we extend a result of J. T. Rogers by proving that if X is an atriodic continuum whose first Cech cohomology group is finitely generated then the hyperspace C(X) of subcontinua of X is two dimensional.
Introduction.
By a continuum we mean a compact connected, metric space and by a mapping we mean a continuous function. A subcontinuum K of a continuum Y is said to be a W-set in Y provided that for every mapping /: Y -» Y (where X is any continuum) onto Y there exists a subcontinuum L of X which is mapped by / onto K. A continuum Y is said to belong to Class (W) provided that every subcontinuum of y is a W-set. In [3] [4] [5] there were given some necessary and some sufficient conditions for a continuum to be in Class (W). In §2 we give several analogous characterizations of W-sets. By Hn(X) we denote the nth Cech cohomology group with integer coefficients of the space X. A continuum X is said to be a triod if there exists a subcontinuum M of X such that X\M has at least three components.
If a continuum does not contain any triod it is said to be atriodic.
If A is a subset of a space X we let Cl(.4) and Bd(v4) denote the closure and boundary, respectively, of A in X. For e > 0 we let S(A,e) denote the open e-ball about A with respect to a fixed but arbitrary metric on X.
If X is a continuum we let C(X) denote the hyperspace of subcontinua of X.
We let p: C(X) -» [0,1] denote a Whitney map from C(X) onto [0,1] (i.e. if A, BE C(X) with A%B, then p(A) < p(B) and p({x}) = 0 for each xEX). The reader may consult [11] for properties of hyperspaces.
In §3 we prove that the property of being an atriodic cohomologically trivial continuum is inherited by all Whitney levels p~*(t) of the hyperspace.
We also prove that if X is an atriodic continuum with finitely generated H1(X), then dimG(X) < 2. These results generalize results of Oversteegen and Tymchatyn [13] and Rogers [15] .
2. Some characterizations of Upsets.
2.1 THEOREM. Let A be a proper subcontinuum of a continuum X. Then A is not a W-set in X if and only if there exists some £ > 0 and a neighborhood G of A such that (1) for each x E G there exists a continuum B from x to Bd(G) such that Ac¿ S(B,£), and (2) for each decomposition o/Bd(G) = RU S into disjoint closed sets R and S, there exists a continuum K from R to S with A c¿ S(K,e).
PROOF.
Suppose that e is a positive number and G is a neighborhood of A satisfying (1), (2) , and S(A,e) C G. Since A is totally bounded, there exist an integer n and a set {xi,... ,xn} C A such that if a; € G then there exists a continuum B from x to Bd(G) such that BC\S(xi,£/2) = 0 for some i E {1,... ,n}, and for each decomposition of Bd(G) into disjoint closed sets R and S there exists a continuum B from R to S which misses S(xí,e/2) for some i E {1,...,n}. None of these sets maps onto A. Thus, no subcontinuum of Y is mapped by g onto A.
It remains to prove that F is a continuum. Clearly, each component of Y meets ç;_1[Bd(G)]. By (2) and the definition of Y, no decomposition of çy_1[Bd(G)] into disjoint closed sets extends to a decomposition of Y into disjoint closed sets. Hence, Y is connected. This completes the proof that A is not a W-set in X. Now, suppose that A is not a W-set in X. Let /: Z -» X be a mapping of a continuum Z onto X such that no subcontinuum of Z is mapped by / onto A. which meets f'x(x), then P n f-^Bd^)] ¿ 0 by the Boundary Bumping Theorem (see [11, p. 625] ). Hence, f(R) is a continuum from x to Bd(t7) in X such that f(R)f)S(y, e) = 0 for some y 6 A So (1) holds for Í7. By taking an appropriate quotient space Z, we may suppose that / maps Z\f~x(U) homeomorphically onto X\U.
Let we have that A c S(B,e), or (2) there exists a decomposition ofBd(U) = RUS into disjoint nonempty closed sets R and S such that for every subcontinuum K of X from R to S in C\(U) we have that A C S(K,e).
The following is a local version of Theorem 3.2 in [5].
2.3 THEOREM. Let X be a continuum and A a subcontinuum of X. Then the following are equivalent:
(i) A is a W-set in X, (ii) for every Whitney map p: C(X) -► [0, oo) and for every subcontinuum A of p~x(pt(A)) such that (JA = X we have A E A, (iii) if X C Q, the Hubert cube, and (Yi)£L1 is a sequence of arcs in Q such that X = limYi, then A E lim inf G(Y¿).
PROOF. The proof that (i) implies (ii) is very similar to the proof in [5, Theorem
3.2] that (a) implies (b).
Suppose A is a subcontinuum of X satisfying (ii). Let {Yl}'^1 be a sequence of arcs in Q such that X = lim¿F¿. Let A be a Whitney level of C(X) such that A E A. By a slight modification of [17, Theorem 1] there is a Whitney map //: C(Q) -> [0, oo) such that A C p~x(tr¡) for some in-Then A is the Whitney level of X with respect to p\C(X). Let At = p(to) fl C(Yi) for each ». Since C(Q) is compact we may assume after passing to a subsequence if necessary that lim¿ A¿ = A' c A, where A' is a continuum. Then (J A' = lim¿ (j A¿ = linii Y¿ = X. Hence, A E A' C lim¿ inf G(Y¿). We have proved that (ii) implies (iii).
The proof that (iii) implies (i) is similar to the proof in [5, Theorem 3.2] that (c) implies (a).
Dimension of hyperspaces.
It was proved by Kelley [9] that if X is a hereditarily indecomposable continuum of dimension at least 2, then dimG(X) = oo. Bing proved that each continuum X of dimension > 3 contains a hereditarily indecomposable continuum of dimension > 2. It remains an open question whether each continuum X of dimension > 2 has dim C(X) = oo. It is well known that if dimC(X) < k, then X does not contain a k-od [11] . It would be very useful to know if Kelley's theorem is true for atriodic continua. 3.2 THEOREM. If X is an atriodic continuum with HX(X) = 0 and p is a Whitney map for X, then for each t E [0,1], p~x(t) is an atriodic one-dimensional continuum with Hx(p~x(t)) = 0.
PROOF. If A is a subcontinuum of pt~~x(t), then [JA is a subcontinuum of X.
By [6, Theorem 4.4] X is one-dimensional and, hence, 77 * (|J A) = 0. Also, [J A is atriodic and one-dimensional. By a theorem of Davis [1] (JA is in Class (W). By [5, Theorem 3.2] A is a Whitney level of [JA. By [11, 14.73.3] A is an irreducible continuum. In particular, A is not a triod. Hence, p~x(t) is atriodic.
To see that Hx(p~x(t)) = 0 let K = {(A,x)\xEAEp~x(t)} Cp~x(t) xX.
Let tti : K -► p~x(t) and 7r2 : k -► X be the coordinate projections. By Lemma 3.1 ir2x(x) is an arc or a point for each x E X. By the Hurewicz Theorem, dim(Ti) < 2.
Since HX(X) = 0, HX(K) = 0 by the Vietoris Mapping Theorem. Since 7Ti is monotone, the homomorphism ir\: Hx(p~x(t)) -► Hl(K) is a monomorphism by [2] . Thus, Hx(p-X(t)) = 0. By [6] p~x(t) is one-dimensional.
3.3 PROPOSITION. If X is an atriodic continuum and HX(X) = 0, then dim(Gpf)) < 2.
PROOF. For each t E [0,1], p~x(t) is a continuum of dimension no more than 1. The proposition follows from the Hurewicz Theorem. Proposition 3.3 had been proved in [13] for tree-like continua. The theorem that follows generalizes Proposition 3.3. It also generalizes a result of Rogers [15] for hereditarily indecomposable continua.
3.4 THEOREM. If X is an atriodic continuum such that HX(X) has finite rank, then dim(G(X)) < 2.
PROOF. By [6] dimX < 1. Let p: C(X) -+ [0,1] be a Whitney map. By the Hurewicz Theorem it suffices to prove that dim(p~x(t)) < 1 for each t E [0,1]. This follows by Theorem 3.2 in case HX(X) = 0.
Suppose the above is true for all atriodic continua X such that HX(X) has rank < n. Let X be an atriodic continuum such that HX(X) has rank n + 1, Let / : X -* Sx be an essential map and let A be a subcontinuum of X such that / is irreducibly essential on A. Let F be a proper subcontinuum of A. To prove that dim(/Lt_1(i)nG(A)) < 1 it suffices to prove by the above paragraph that HX(E) has rank < n. Just suppose that there exist linearly independent maps gi,... ,gn+i: . Since HX(X) is torsion free and / is essential, /Qn+2 is essential. This is a contradiction. Now, let D be a continuum in X\A. By [6] we may suppose that / is an extension of f\A to X such that f\D is inessential. By the same proof as above HX(D) has rank < n.
By [12, Lemma 8] Problem. Let X be an atriodic continuum embeddable in the plane. Is dim(C(X)) < 2? Krasinkiewicz [10] has given a positive solution in case X is hereditarily indecomposable. 16 
